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Motivation for a statistical description of the uncertainty 
associated with horizontal refraction and medium 
time-dependence:

— range-dependence and cross-range variation of environmental parameters affect the 
acoustic field in a different manner 
— being relatively weak, effects of the cross-range variations are not necessarily negligible 
— these effects accumulate with range rather rapidly (typically, as third power of range) 
and lead to biases in signal travel time and modal phases
— signal frequency wander due to medium non-stationarity introduces uncertainty in 
estimates of target velocity
— lack of the detailed knowledge of cross-range environmental inhomogeneities is likely to 
remain, for the foreseeable future, an obstacle for the accurate prediction of the underwater 
acoustic field
— environmental measurements cannot be repeated fast enough along the propagation path 
to make a deterministic prediction of the frequency wander possible
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RAY TRAVEL TIME BIAS:   Deterministic theory

MODE PHASE BIAS:   Deterministic theory
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RAY TRAVEL TIME BIAS:   Random inhomogeneities
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MODE PHASE BIAS:   Random inhomogeneities
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Conditions of applicability S large-scale inhomogeneities

Perturbation  theory: r 2 /L 3 << 1

Uncoupled  azimuth  approximation: 2 k0 r 3 /L 2 << 1

Conditions of applicability S small-scale 
inhomogeneities

Perturbation  theory: (r/L) 3/2 « 
1
Uncoupled  azimuth  approximation:   2 k0 r 2 /L « 1
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Reflection at a rough surface (continued)

Travel time bias:
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Geometry of the 1987 Reciprocal Transmission Experiment (RTE)
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        Example of Rays for RTE'87 Conditions 
     (Source-Receiver Range  = 1265 km; Source 
and Receiver Depths = 1km; Ocean Depth = 5.25 km) 
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         Enlarged Fragment of the Above Plot 
   (Source-Receiver Range  = 1265 km; Source 
and Receiver Depths = 1km; Ocean Depth = 5.25 km) 
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Range = 1268 km
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Unperturbed profile
Vertically-perturbed profile

       Travel Time With and Without IWS: Negative Grazing Angles
(Range = 13.5 km; zs = zr = 20 m; Ocean Depth = 80 m; Az. Angle = 90o)
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Unperturbed profile
Vertically-perturbed profile

       Travel Time With and Without IWS: Positive Grazing Angles
(Range = 13.5 km; z s = zr = 20 m; Ocean Depth = 80 m; Az. Angle = 90 o)
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Az. Angle = 90 deg

Az. Angle = 91 deg

Az. Angle = 92 deg

Az. Angle = 93 deg
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Travel Time Bias for Various Source and Receiver Depths
  Range = 13.5 km; Ocean Depth = 80 m; Az. Angle =91o 
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Pekeris waveguide with strong IW soliton
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Strong IW soliton for 2.5 layer model
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Strong IW solitons
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Weak stratification
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A,B,C coefficients and U-function for the weak stratification
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Strong stratification
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Optical theorem and energy conservation
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Fluctuation due to continuous IW spectrum

( )∆ ∆n r z n r z N r r z z2
1 1

2
2 2 1 2 1 2( , ) ( , ) ; ,r r r r= −

( ) ( )N r z z dqe P q q q z q ziqr
a

a
x y a a

r r rr

; , , ( , ) ( , )1 2 1 2= ∫∑ Φ Φ

GM spectrum:

( ) ( )
( )[ ]P q

c
dc
dz

E

n

n n
q n q

q q n qn
r =







 ⋅

+ +

1 2
2

1
20

0
2

0 2 2

2

2 2 2π
π

π

*

*

*

*

E
j

m
n k

B n
i

0
3

2
0

4 10 3= ⋅ = =, ,* *

π ω

B m s latitude n si≈ = ⋅ = ≈ ⋅− − − −10 7 3 10 30 52 103 5 1 0
0

3 1, . ( ), .ω



Scattering cross-section matrix
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Diffusion approximation
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Matrix of diffusion coefficients:
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Conversion of the integrals for GM spectrum
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Diffusion coefficients: calculation of integrals over ky
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Diffusion coefficients: calculation of integrals over ky

( )D dk E k k knn mm nn mm', ' ', '' , '; '= ∫
1
2

0 2

( )D dk E k knn mm nn mm', ' ', '' , ';= ∫
1
2

0



200 250 300 350 400 450
-0.005

0

0.005

0.01

0.015

0.02

0.025

0.03

yearday

H
R

A
 (r

ad
)

Time dependence of horizontal refraction angle
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